The probability distribution for the relative return of a portfolio constructed from a subset n of the assets from a benchmark, consisting of N assets whose returns are multivariate normal, is completely characterized by its tracking error. However, if the benchmark asset returns are not multivariate normal then higher moments of the probability distribution for the portfolio's relative return are not related to its tracking error. We discuss the convergence of generalized tracking error measures as the size of the subset of benchmark assets increases. Assuming that the joint probability distribution for the returns of the assets is symmetric under their permutations we show that increasing n makes these generalized tracking errors small (even though n << N ). For n >> 1 the probability distribution for the portfolio's relative return is approximately symmetric and strongly peaked about the origin. The results of this paper generalize the conclusions of Dynkin et. al. (2002) to more general underlying asset distributions.
The excess return of portfolios managed against a benchmark can be attributed to active management in the selection of different weights from the benchmark, or from the selection of out-of-benchmark securities. For a portfolio that attempts to replicate a benchmark's risk and performance with a subset of the benchmark securities under a portfolio replication approach, it is usually assumed that minimizing the tracking error of the portfolio with respect to the benchmark is equivalent to minimizing the underperformance or outperformance of the portfolio's relative return. In principle, this replication approach suffers from the fundamental problem that the tracking error as a measure of risk relative to the benchmark fails in its essential purpose if the underlying asset returns are not joint normal, i.e. when it is needed the most. In other words, if the asset returns are correlated and far from multivariate normal then it is possible that a tracking error optimized portfolio will not follow the benchmark as well as reasoning, based on the assumption that the portfolio's relative return is normal, would lead one to believe. But returns on corporate bonds subject to default risk or downgrade risk are not multivariate normal even if the underlying corporate assets are assumed to be since default of a company only occurs if the value of its corporate assets fluctuate below its liabilities 1 . Furthermore, one does not have the luxury of increasing the number of assets in the portfolio ad infinitum since the addition of each new asset increases transactions costs and makes the portfolio less liquid. Thus it is important to consider, for a wide range of asset probability distributions, how the total risk of a portfolio relative to the benchmark saturates as more assets from the benchmark are kept.
Consider a benchmark portfolio with N assets that returnr i , i = 1, . . . N . Assuming the value of the benchmark portfolio is equally divided amongst these assets the random variable for the benchmark portfolio return iŝ
Suppose a portfolio P consists of equal amounts of n of these assets which, without loss of generality we choose to be i = 1, . . . , n. Then the random variable for the return of P relative to the benchmark is
where,
when i = 1, . . . , n and
when i = n + 1, . . . , N . The joint probability distribution for the asset returns can be characterized by the expected values,
We assume the joint probability distribution for the asset returns is symmetric under their permutations. This should make it as easy as possible for P to track the benchmark while still allowing for fluctuations in P's relative return. More realistic situations where the returns behave differently will not track the benchmark as well. With this assumption the expected asset returns are all equal, r
1 , the diagonal elements of the asset return covariance matrix are all the same, r (2) ii = r (2) 11 , and the off-diagonal elements of the asset return covariance matrix 2 are also independent of which asset is being considered, r (2) ij = r (2) 12 for i = j. Note however we do not demand that the off-diagonal elements be equal to the diagonal ones since this would correspond to a correlation matrix that has one in all its elements. The generalization of this to higher values of m is straightforward. Explicitly, r
112 for i = j and r
In the presence of correlations the central limit theorem cannot be used to argue that for N >> 1 the benchmark returnR becomes normally distributed or that for n >> 1 P's return becomes normally distributed. It is sometimes argued that for large portfolios correlations should average out leaving one in a situation where effectively the central limit theorem is applicable. However, we consider that to be very unlikely. For example, corporate asset correlations, which determine the correlations of stock and corporate bond returns, are usually positive. This is partly for economic reasons but it also has an underlying mathematical origin. If a N × N correlation matrix has all its off-diagonal elements equal to ξ then it is only mathematically consistent (i.e, has non-negative eigenvalues) for −1/(N − 1) ≤ ξ ≤ 1 [Wise and Bhansali (2002) ]. In the limit N → ∞ negative correlations are not allowed and hence the average correlation (found by averaging over allowed values of ξ with any nonsingular probability distribution) will not be zero.
The expected value of P's relative return vanishes,
However P's relative return does fluctuate. Define the moments of P's relative return probability distribution by,
The second moment, m = 2 is the square of the tracking error. For m = 2 [Dynkin, Hyman and Konstantinovsky (2002) ] ,
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2 r (2) is related to the covariance matrix ρ by, ρij = r For the coefficient of r
12 the first term in the square brackets comes from terms in the sum of equation (7) with both the subscripts of r (2) corresponding to assets in the portfolio P, the second term comes from terms in the sum of equation (7) with one of the subscripts of r (2) corresponding to assets in the portfolio P and the third term comes from terms in the sum of equation (7) with none of the subscripts of r (2) corresponding to assets in the portfolio P.
Taking the limit N → ∞ gives,
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Even with non-zero asset return correlations diversification achieved by increasing n reduces the variance of P's return relative to the benchmark. This is very different from the behavior of the variance of P's return (without the benchmark subtracted) which, in the presence of significant correlations, cannot be made small by increasing n. We do not assume that the probability distribution for ∆R is normal and so the moments v (m) with m > 2 are not related to the tracking error. The purpose of this paper is examine the behavior of these moments of the probability distribution for P's relative return when N >> 1, n >> 1 and n/N << 1. This is particularly important in times of market stress for portfolios containing corporate bonds. In such eras default correlations are large [Das, Freed, Geng and Kapadia (2001) ] and as remarked earlier the joint probability distribution of corporate bond returns is expected to be very far from multivariate normal.
We are interested in the value of the m > 2 moments of P's relative return as the benchmark portfolio gets arbitrarily large, N → ∞, and write in that limit 
The subscript on α denotes how many subscripts of r (m) take on the same value. For example α i 1 ,...,ip corresponds to i 1 indices taking on the same value (which without loss of generality can be taken to be 1), i 2 of the indices taking on the same value (which without loss of generality can be taken to be 2), etc. Equation (9) yields, α 0 (2, n) = −1/n and α 2 (2, n) = 1/n. Performing a similar computation for the third moment yields, α 0 (3, n) = 2/n 2 , α 2 (3, n) = −3/n 2 and α 3 (3, n) = 1/n 2 . Generalizing the N → ∞ limit of the coefficient of r
12 in equation (8) to arbitrary m gives (assuming n > m),
where U is the second solution to the confluent hypergeometric equation 3 . The k = p term in the sum corresponds to terms in the sum of equation (7) where p of the subscripts of r (m) i 1 ...im label assets in the portfolio P. The remaining m − p subscripts label assets not in P. With m held fixed and n taken large U (−m, 1 − m + n, n) is of order n (m−1)/2 for m odd and of order n m/2 for m even. This suggests that for n >> 1,
, and
and it is not difficult to show this is indeed true by also considering the cases where some of the subscripts on r (m) i 1 ...im take on the same value. If j indices take on the same value then to get a contribution that survives in the limit N → ∞ these indices must correspond to assets in P and so in this case,
Since for large n the function U (j − m, j − m + n, n) is of order n (m−j−1)/2 for m − j odd and of order n (m−j)/2 for m − j even these terms leave unchanged the behavior in equation (12). The other cases are handled similarly. A simple example illustrates the power of the constraint on the probability distribution for P's relative return that equation (12) provides. Consider the probability distribution,
where δ denotes the Dirac delta function and a is a positive constant. For large n the second moment of this probability distribution is v (2) ∼ (1 + a)/(4n) and for m > 1 (and n large) its (2m)'th moment is v (2m) ∼ a/(2 2m n). While this probability distribution is consistent with the behavior the second moment in equation (12) for a = 0 it is in conflict with the behavior of the higher moments. With a = 0 the probability distribution in equation (14) implies that the probability for the relative return ∆R = ±1/2 is of order 1/n, which is too large to be consistent with the scaling of the higher moments in equation (12). We have generalized the results of Dynkin, Hyman and Konstantinovsky (2002) , establishing that higher moments of P's relative return become successively smaller for n >> 1 (by powers of 1/ √ n) even if asset return correlations are large and the joint probability distribution for the asset returns is not multivariate normal. From equation (12) it is also evident that as n gets large the skewness becomes small (i.e., O(1/ √ n)). For N >> 1, n >> 1 and n/N << 1, the probability distribution for P's relative return is approximately symmetric and strongly peaked about zero. However, it does not necessarily approach a normal one (e.g. the excess kurtosis need not be small). For very large n the scaling in equation (12) is consistent with the probability distribution for ∆R being a symmetric function of √ n∆R.
